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                                                            Abstract 
In the special case of graphs  𝐺  of independence number  𝛼 𝐺 = 3 without induced 
chordless cycles  𝐶7  it is shown that exists connected dominating set  𝐷 of vertices with 
number of vertices  𝑛(𝐷) ≤ 4. Using the concept of connected dominating sets, we defined 
a new invariant  ℎ(𝐺)  that does not exceed the number of Hadwiger. For the considered 
graphs it is shown that  ℎ(𝐺) ≥ 𝑛(𝐺)/4. 
 
     All graphs considered in this note are undirected, simple and finite. For a graph  𝐺, let 
𝑉(𝐺)  and  𝐸 𝐺   denote the vertex set and edge set of  𝐺. We will write  𝑣~𝑢 (𝑣 ≁ 𝑢)  when 
vertices  𝑣  and  𝑢  are (are not) adjacent. Further, let  𝑛 𝐺   and  𝛼 𝐺   denote the number 
of vertices and the independence number of  𝐺  respectively. For  𝑋 ⊆ 𝑉(𝐺), we denote by 
𝐺 𝑋   the subgraph of  𝐺  induced by  𝑋, further  𝐺 − 𝑋 = 𝐺[𝑉(𝐺) − 𝑋]. The neighbourhood 
of vertex    𝑣 ∈ 𝑉(𝐺), denoted    𝑁(𝑣),  is a set of all vertices adjacent to   𝑣.    The closed 
neighbourhood of  𝑣  is  𝑁[𝑣] = 𝑁(𝑣) ∪  𝑣 . A simplicial vertex of a graph  𝐺  is a vertex  𝑣  
for which 𝐺[𝑁(𝑣)]  is complete.  𝐶𝑛   is a chordless cycle with  𝑛  vertices: 𝐶𝑛 = 𝑣1𝑣2  …  𝑣𝑛 . 
Connected dominating set in a graph  𝐺 = (𝑉, 𝐸)  is a subset  𝐷 ⊆ 𝑉  such that every vertex 
 𝑣 ∈ 𝑉  is in 𝐷  or  𝑣  is adjacent to some  𝑢 ∈ 𝐷, and  𝐺 𝐷   is connected in all connected 
components of 𝐺. Using the concept of dominating sets, we can introduce a new invariant 
of a graph (see [1]). Number   ℎ(𝐺)  can  be  defined  as  a  maximum  length  of  sequence    
𝑣1, 𝑣2 , 𝐻3, 𝐻4 , … ,   where   𝑣1   and   𝑣2    are adjacent vertices  in graph   G ,  𝐻3  is connected 
set of    𝑉(𝐺 −  {𝑣1, 𝑣2})   joined to   𝑣1   and   𝑣2;   𝐻4  is  connected set in   𝐺 −  {𝑣1 , 𝑣2}  − 
𝐻3  joined to    𝑣1, 𝑣2     and to all vertices   𝐻3 , and so on. It is clear that       𝜔(𝐺) ≤ ℎ(𝐺) ≤
𝜂(𝐺), where  𝜔 𝐺   is a clique number and  𝜂(𝐺)  is number of Hadwiger  of a graph  𝐺, and 
for any connected dominating set  𝐷 in graph  𝐺:       ℎ(𝐺 − 𝐷) ≤ ℎ 𝐺 − 1. 
     In [2] Plummer, Stiebitz and Toft proved : if 𝛼(𝐺) ≤ 2 and G does not contain an induced 
𝐶5, then either  𝐺 contains complete  𝐾𝑛 2   or  𝐺  contains a dominating edge. We slightly 
modify this theorem. 
     Theorem 1. If graph  𝐺  is connected,  𝛼 𝐺 = 2  and  𝐺  does not contain an induced  𝐶5 
then for any non-simplicial vertex  𝑣  exists dominating edge  𝑣𝑢. 
         𝑃𝑟𝑜𝑜𝑓.  Let  𝑣~𝑣1, 𝑣~𝑣2  and  𝑣1≁𝑣2;  𝐺
′ = 𝐺 − 𝑁 𝑣 . If  𝑉(𝐺 ′) = ∅  then  𝑣  is 
dominating vertex.                                                                                                                                                                 
If  𝑉(𝐺 ′) ≠ ∅  then denote  by  𝑉1  the set of  neighbors of  𝑣1  in  𝐺
′   which are not neighbors 
of   𝑣2 , by  𝑉2  the set of neighbors of  𝑣2   in  𝐺
′   which are not neighbors of  𝑣1, by  𝑉12   the 
set of vertices in  𝐺 ′   which are adjacent in  𝐺 ′   to  𝑣1 and to  𝑣2 . Since  𝛼 𝐺 = 2,  𝐺
′   is 
complete. If  𝑉1 ≠ ∅  and  𝑉2 ≠ ∅, then exists  𝐶5 = 𝑣𝑣1𝑎𝑏𝑣2 ,  where  𝑎 ∈ 𝑉1,  𝑏 ∈ 𝑉2.                                           
If  𝑉1 = ∅   𝑜𝑟  𝑉2 = ∅   then   𝑣𝑣2 (𝑜𝑟  𝑣𝑣1) is dominating edge. 
Corollary. Let  𝐺  be a graph with  𝛼 𝐺 = 2. If  𝐺  does not contain an induced  𝐶5  then 
ℎ(𝐺) ≥ 𝑛(𝐺)/2. 
A graph is claw-free if no vertex has three pairwise nonadjacent neighbors.                                      
     Theorem 2. If graph  𝐺  is connected, claw-free,  𝛼 𝐺 = 3  and  𝐺  does not contain an 
induced  𝐶7, then for any non-simplicial vertex  𝑣  exists connected dominating set  𝐷, such 
that  𝑣 ∈ 𝐷  and  𝑛(𝐷) ≤ 4. 
     𝑃𝑟𝑜𝑜𝑓. Let  𝑣~𝑣1, 𝑣~𝑣2  and  𝑣1≁𝑣2;  𝐺
′ = 𝐺 − 𝑁 𝑣 . Denote  by  𝑉1  the set of  neighbors 
of  𝑣1   in  𝐺
′  which are not neighbors of   𝑣2 , by  𝑉2  the set of neighbors of  𝑣2   in 𝐺
′  which 
are not neighbors of  𝑣1, by  𝑉12   the set of vertices in  𝐺
′   which are adjacent in  𝐺 ′  to  𝑣1  
and to   𝑣2 , and by   𝑉12
′  = 𝑉 𝐺 −  𝑉1 ∪ 𝑉2 ∪ 𝑉12 . Since 𝛼 𝐺 = 3, 𝐺[𝑉12
′ ]   is complete or 
𝑉12
′ = ∅.   
     If  𝑉12
′ = ∅  then  𝐷 = {𝑣, 𝑣1 , 𝑣2}.  If  𝑉12
′ ≠ ∅  and    𝑉1 ∪ 𝑉2 ∪ 𝑉12 = ∅  then  𝐷 = {𝑣, 𝑎, 𝑏}, 
where  a~𝑣, 𝑏~𝑎  and  𝑏 ∈ 𝑉12
′ . Let 𝑉12
′ ≠ ∅  and  𝑉1 ∪ 𝑉2 ∪ 𝑉12 ≠ ∅.  In this case induced 
subgraphs  𝐺[𝑉1 ∪ 𝑉12]  and 𝐺[𝑉2 ∪ 𝑉12]   are complete (one of them can be null graph). 
Since  𝐺  is claw-free, all vertices   𝑉12  do not have neighbors in 𝑉12
′ .  Since 𝛼(𝐺) = 3,   
𝛼(𝐺 ′) ≤ 2. 
Case 1. 𝐺’ is connected. 
        ( I ) 𝐺’ contains  𝐶5 = 𝑢1𝑢2𝑢3𝑢4𝑢5.                                                                                              
Since induced subgraphs  𝐺[𝑉1 ∪ 𝑉12], 𝐺 𝑉2 ∪ 𝑉12   and  𝐺 𝑉12
′   contain at most two 
consecutive vertices of  𝐶5, there are three possible cases: 
           (a) 𝑢1 ∈ 𝑉1, 𝑢2 ∈ 𝑉12 ,   𝑢3 ∈ 𝑉2,  𝑢4, 𝑢5 ⊆ 𝑉12
′ .                                                                             
In this case exists  𝐶7 = 𝑣𝑣2𝑢3𝑢4𝑢5𝑢1𝑣1 . 
           (b)  𝑢1, 𝑢2 ⊆ 𝑉1,  𝑢3 ∈ 𝑉2,  𝑢4 , 𝑢5 ⊆ 𝑉12
′ .                                                                                      
In this case exists claw with the set of vertices {𝑢3, 𝑢2 , 𝑢4 , 𝑣2}. 
            (c)  𝑢1, 𝑢2 ⊆ 𝑉1,  𝑢3, 𝑢4 ⊆ 𝑉2, 𝑢5 ∈ 𝑉12
′ .                                                                                
Since  𝛼 𝐺 = 3, any pair of nonadjacent vertices from  𝑉1  and  𝑉2  is adjacent to all vertices 
from  𝑉12
′ . If  𝑢4   is connected to all vertices  𝑉12
′   then  𝐷 =  𝑣, 𝑣1, 𝑣2, 𝑢4 . If  𝑢 ∈ 𝑉12 
′  and 
𝑢4 ≁ 𝑢, then  𝑢2~𝑢 ,  and in this case exists  𝐶7 = 𝑣𝑣2𝑢4𝑢5𝑢𝑢2𝑣1. 
          ( II ) 𝐺 ′  does not contain 𝐶5.                                                                                                               
If  𝐺 ′   is complete then  𝐷 = {𝑣, 𝑎, 𝑏}, where  𝑎~𝑣, 𝑏~𝑎, 𝑏 ∈ 𝑉 𝐺 ′ . Otherwise, by Th.1, in 
𝐺 ′   for any non-simplicial vertex  𝑏 ∈ 𝑉(𝐺 ′)  exists dominating edge  𝑏𝑐. If  𝑏  is adjacent to 
𝑎 ∈ 𝑁(𝑣), then  𝐷 = {𝑣, 𝑎, 𝑏, 𝑐}.                                                                                                                                  
Now let all vertices of  𝐺 ′   which are connected to  𝑁 𝑣  are simplicial.                                                               
If  𝑉12 ≠ ∅  then  𝐺 𝑉1 ∪ 𝑉2   and  𝐺 𝑉1 ∪ 𝑉2 ∪ 𝑉12   are complete and, since  𝐺
′   is connected, 
exists edge  𝑎𝑏, where  𝑏 ∈ 𝑉12
′   and  𝑎~𝑣1 (or  𝑎~𝑣2). In this case   𝐷 =  𝑣, 𝑣1, 𝑎, 𝑏   (or 
𝐷 =  𝑣, 𝑣2, 𝑎, 𝑏 ). 
     Let  𝑉12 = ∅. Since all vertices of the sets  𝑉1  and  𝑉2 are simplicial,  𝐺 𝑉1 ∪ 𝑉2  is 
complete (and we have the same dominating set as in previous case) or  𝑉1  does not have 
neighbors in  𝑉2. In the last case any two vertices  𝑢1 ∈ 𝑉1  and  𝑢2 ∈ 𝑉2  are adjacent to all 
vertices  𝑉12
′ . If one of these two vertices is adjacent to all  𝑉12
′   then  𝐷 =  𝑣, 𝑣1, 𝑣2, 𝑢1  or 
𝐷 = {𝑣, 𝑣1, 𝑣2 , 𝑢2}. Otherwise, exist  𝑢3 , 𝑢4 ∈ 𝑉12
′  (𝑢3   and  𝑢4  are different) such that 
𝑢1 ≁ 𝑢3   and  𝑢2 ≁ 𝑢4 . In this case exists   𝐶7 = 𝑣𝑣1𝑢1𝑢4𝑢3𝑢2𝑣2 . 
 Case 2. 𝐺 ′  is disconnected. 
    In this case  𝐺 ′  is disjoint union of two complete subgraphs  𝐺1
′   and  𝐺2
′   where    𝐺1
′ =
𝐺 𝑉1 ∪ 𝑉2 ∪ 𝑉12 ,   𝐺2
′ = 𝐺 𝑉12
′  .  Since  𝐺  is claw-free, there are no vertices in  𝑁(𝑣)  
connected to both subgraphs. Denote by  𝑈1 ⊆ 𝑁 𝑣  the subsetset of neighbors of  𝐺1
′  and 
by  𝑈2 ⊆ 𝑁 𝑣   the subsetset of neighbors of  𝐺2
′ . If  𝑎 ∈ 𝑈1 , 𝑏 ∈ 𝑈2,  and 𝑎 ≁ 𝑏 , then  𝑎  is 
connected to all  𝑉 𝐺1
′    or  𝑏  is connected to all  𝑉(𝐺2
′ ). There is no vertex 𝑢2 ∈ 𝑈2  which is 
connected to  𝑣1  and to  𝑣2 . If  𝑢2 ≁ 𝑣2   and  𝑣2   is adjacent to all vertices 𝑉(𝐺1
′ )  then 
 𝐷 = {𝑣, 𝑣2,𝑢2, 𝑏}, where  𝑏 ∈ 𝑉12
′   and  𝑢2~𝑏. If  𝑢2 ≁ 𝑣2   and  𝑢2  is adjacent to all vertices 
 𝑉 𝐺2
′   then  𝐷 = {𝑣, 𝑣2 , 𝑢2, 𝑎}  where  𝑎 ∈ 𝑉1 ∪ 𝑉2 ∪ 𝑉12   and  𝑣2~𝑎. 
      Corollary. Let  𝐺  be a graph with  𝛼 𝐺 = 3. If  𝐺  does not contain an induced  𝐶7, then 
ℎ(𝐺) ≥ 𝑛(𝐺)/4.                                                                                                                                        
𝑃𝑟𝑜𝑜𝑓. We proceed by induction on  𝑛 = 𝑛(𝐺). For  𝑛 ≤ 4, the result is clear. Suppose 
 𝑛 ≥ 5  and suppose the result is true for all graphs with fewer than  𝑛  vertices and let  𝐺  
be a graph with  𝑛  vertices. If  𝐺  contains a claw,then the set  𝐷  of vertices of this claw is 
dominating in  𝐺, if not, by Th.2, we can  build a dominating set  𝐷  with   𝑛( 𝐷) ≤ 4. In both 
cases 
                  ℎ(𝐺) ≥ ℎ 𝐺 − 𝐷 + 1 ≥
𝑛 𝐺−𝐷 
4
+ 1 ≥
𝑛 𝐺 −4
4
+ 1 = 𝑛(𝐺)/4. 
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